As an attractive degree of freedom in electromagnetic (EM) waves, the orbital angular momentum (OAM) enables infinite communication channels for both classical and quantum communications. The exploration of OAM generation inspires various designs involving spiral phase plates, antenna arrays, metasurfaces, and computer-generated holograms. In this work, we theoretically and experimentally demonstrate an approach to producing OAM carrying EM waves by a point defect in three-dimensional (3D) photonic crystals (PCs). Simultaneous excitation of two vibrational-defect states with an elaborately engineered phase retardation generates a rotational state carrying OAM. Through converting guided waves in a line defect to localized waves in a point defect and then to radiated vortex waves in free space, the lowest four OAM-mode emitters, i.e., OAM indices of ±1 and ±2, are successfully realized. This work offers a physical mechanism to generate OAM by PCs, especially when the OAM generation is to be integrated with other designs.
I. INTRODUCTION
Electromagnetic (EM) waves carry both linear and angular momenta. Recently, the angular momentum has been attracting much attention due to the extra degrees of freedom introduced into EM waves. It is well known that circularly polarized waves carry spin angular momentum (SAM), which characterizes the spin feature of a photon. Unlike the SAM, orbital angular momentum (OAM) manifests the orbital rotation of photon. It describes structured waves possessing a helical wave front. The number of twists in the helical wave front identifies each OAM state. Therefore, OAM-carrying waves cause distinctive phase structures and allow for promising applications, ranging from classical to quantum regimes [1] [2] [3] [4] [5] [6] [7] [8] .
Since OAM is associated with the spatially variant phase factor, e ilφ (where φ is the azimuthal angle and l is the OAM index) [9] , a great many designs that manipulate the spatial phase have been proposed for OAM generation, such as spiral phase plates (SPPs) [10] [11] [12] , metasurfaces [13] [14] [15] [16] [17] [18] , computer-generated holograms [19, 20] and other novel prototypes [21] . Although Maxwell's equations govern the behavior of EM waves from microwave to optical frequencies, scatterers respond distinctively due to the dispersive nature of materials. Consequently, engineered designs adopting the same working principle face different challenges as the frequency evolves. For example, in optics, metasurfaces are promising candidates for OAM generation because of their ultrathin configuration and tuning flexibility [22] . However, they usually suffer from low-efficiency transmission, * jianglj@hku.hk † weisha@zju.edu.cn caused by reflection, diffraction and ohmic loss [23] . At microwave frequencies, the conversion efficiency can be promisingly high, but scatterers of the metasurface need to be fully aligned and stacked to achieve a desired EM response [24] . Meanwhile, in contrast to optical regime, where light manipulation can be conveniently actualized using versatile optical devices including polarizers, beam splitters, holograms, and diffraction gratings, the functions of some optical devices cannot be trivially replicated at microwave frequencies. Interestingly, among all the building blocks and devices, photonic crystals (PCs), can be universally and scalably applied in both the microwave and optical fields due to the scaling law. The concept of PCs was proposed by Yablonovitch [25] and John [26] in 1987. It is an analog of periodically arranged atoms and, therefore, opens up a band gap where no EM state is allowed to propagate. However, a localized state will be supported at the photonic band gap if a defect is introduced in PCs and the translation symmetry is broken [27] . The defects, similar to dopants in semiconductors, are highly tunable by geometries and placements, which makes them useful in resonators, waveguides, filters, and couplers [28, 29] .
Most importantly, point-defect states are the whispering-gallery-like modes that can be assigned orbital angular momenta [30] . In this paper, we theoretically and experimentally demonstrate an approach to producing OAM by superposing two point-defect states in three-dimensional (3D) PCs. The two defect states with orthogonal vibration modes are excited simultaneously in a point defect of PCs to emit a mixed rotational mode carrying OAM. Two PC structures are constructed to generate different OAM states with l = ±1 and l = ±2. In our designs, EM energy is transferred from guided waves in a line defect to localized resonating modes in a point defect and then to unbounded OAM states in free space, this being summarized in Fig. 1 . Thus, the physical mechanism of OAM generation is distinguished from existing ones employed in metasurfaces and computer-generated holograms. As a proof of concept, all the theoretical and experimental investigations are to be implemented at the microwave regime.
FIG. 1.
A schematic representation of OAM generation in the proposed PCs. The guided waves in the line defect are coupled to the localized modes in the point defect and then radiate out through a circular opening. The OAM is introduced by the simultaneous excitation of two defect states with desired weights and phase difference.
II. METHODS AND RESULTS

A. Defect modes in two-dimensional PCs
We calculate the band structure for transverse magnetic (TM) modes in a two-dimensional (2D) PC by using the finite-difference (FD) method (for details, see the Supplemental Material [31] ). The forbidden frequencies range from 0.3236c/a to 0.4382c/a, where a is the lattice constant of the PC and c is the speed of light in vacuum. By introducing a point defect, localized modes will be formed within the band gap. In Fig. 2 , we show the frequencies of the defect modes as a function of radius r d of the defect rod (radius of bulk rods r = 0.2a). The dielectric constant of the defect rod is set to be 8.5, which is the same as that of bulk rods. In view of the fourfold (C 4 ) rotational symmetry, the dipole and hexapole defect modes are doubly degenerate, such that one can be reproduced from the other by rotating 90
• . The quadrupole defect modes are nondegenerate and have two nodal planes. The quadrupole-xy mode has the nodal planes along the x and y directions, while they are along the diagonal directions for the quadrupole-diag mode.
B. OAM generation from quadrupole defect states
It is well known that a circularly polarized wave can be decomposed into two orthogonal linearly polarized waves with the same amplitude but a phase difference of 90
• . Molecular mechanics also obeys the physics that two vibrational modes with a proper phase delay will generate a rotational mode [32] . Based on this concept, a rotational vortex beam carrying OAM can be generated by superposing two quadrupole modes as the two vibrational modes depicted in Figs. 
2(d,e).
We first mathematically model a linear superposition of the two modes,
where E 1 z and E 2 z are the normalized electric fields for the two quadrupole modes. A and B are the weights of two modes and θ is the relative phase of the mode 1 with respect to the mode 2.
The superposed electric field of the two quadrupole modes with r d = 0.6a is investigated by varying the weights and relative phase. We project the superposed field onto an orthonormal basis of e ilφ along the azimuthal direction (denoted by the black circles in Fig. 3 ).
As the weights and phase change, the projection results will be modified. A rotational mode with the spatial phase dependence of e ±i2φ is generated by the optimal weights (A = B = 1) and phase (θ = ±90
• ), as shown in Fig. 3 . The phase profiles indicate an OAM index of ±2 and a phase singularity can be clearly observed at the center of the amplitude pattern. To mimic 2D PCs by 3D structures in software (the CST Microwave Studio), the array of finite-length dielectric rods is inserted between a lossless metallic parallelplate waveguide. The height of the parallel-plate waveguide is sufficiently small to guarantee that only the transverse electromagnetic (TEM) mode propagates, where the electric field is uniform and only has the z component. Hence, the supported TEM mode is compatible with the TM modes in 2D PCs. The quadrupole modes at the defect with a radius of r d = 0.6a (a = 12 mm) are excited through the guided wave in a line defect, as shown in Fig. 4 . A normal rod that is adjacent to the line defect is replaced by a smaller rod (scatterer) with a radius of r s = 0.1375a to enhance the coupling efficiency. The two eigenmodes are found to be at f = 8.49 GHz and f = 9.21 GHz. The states at the frequencies between 8.49 GHz and 9.21 GHz can be considered as the superposition of the two quadrupole modes with specific weights and relative phase [See Eq. (1)] according to the eigenmode expansion theory [33] .
OAM index
To make the localized field radiate out of the 3D PC structure, a circular opening of radius r c is made right above the defect rod, on the top plate of the parallel-plate waveguide, as presented in Fig. 5(a) . To excite the two quadrupole modes simultaneously with a phase difference of 90
• , the operation frequency is set to be distant from the two eigenfrequencies. The structure is optimized to generate a purely radiative OAM state in air. The electric field on the xy plane at the operating frequency of Fig. 5(a) . Figures 5(b,c) depict the z component of the radiated electric field at a transverse plane 30 mm above the structure. The asymmetric quadrupole pattern in Fig. 5(b) results from the asymmetric excitation from the small scatterer. The phase distribution demonstrates an OAM of order 2. We consider the conversion efficiency as the ratio of the power radiated from the circular opening to the incident power at Port 1, and it is calculated to be 19.4%. The reason for the high outcoupling efficiency is studied. Regarding the 2D PC, the defect with the surrounding rods forms a good cavity and the quality (Q) factors are tens of thousands, as shown in Fig. 6(a) . The corresponding eigenfrequencies are well separated from each other. We see a noticeable decrease in the field intensity around the defect when the frequency is distant from the eigenfrequencies. However, for the 3D PC, due to the introduction of the circular opening and the radiation loss through it, the two eigenfrequencies shift and become closer to each other. The quadrupolexy and quadrupole-diag modes are located at 8.78 and 8.89 GHz, respectively, as shown in Fig. 6(b) . Due to the radiation loss, the 3 dB bandwidth at the two eigenfrequencies cannot be identified, so exact values of the Q factors are not calculated. By examining the field amplitudes around the defect, it can be seen that the radiation loss weakens the confinement of the defect mode, indicating the effective outcoupling of the two quadrupole modes at the intermediate operating frequency. In view of the frequency shift, below 8.78 GHz, we can observe a dipole component. For example, as shown in Fig. 7 , when f = 8.7 GHz, the dipole components are much stronger than the quadrupole components; and when the frequency keeps decreasing to 8.6 GHz, only dipole states remain. On the other hand, when the frequency goes higher than 8.89 GHz, the monopole-2 mode is excited. In Fig. 7 , a remarkable monopole component can be observed at 9.3 GHz.
GHz is shown in
Additionally, based on our analyses and simulations, two main mechanisms will affect the weights and phase of the two quadrupole modes. The first one is the reflection and refraction at the top air-dielectric interface. Therefore, the height of the rods h, the size of the aperture r c , and the thickness of the metallic plate need to be optimized. Among all the parameters, the influence of the height is significant, because the height directly determines the excited modes at the air-dielectric interface (for details, see the Supplemental Material [31] ). As for the aperture, we choose it to be slightly larger than the concentration region of the field. If the aperture is too small, the radiated field will be distorted. When the aperture is large enough, the radiated field retains the features of the field around the defect. The influence of the aperture is less significant than that of the height; and an optimal aperture size can be obtained in the simulation. Additionally, a thicker top metallic plate will be detrimental to the radiated OAM wave from the aperture−but its thickness does not matter as long as it remains thin enough. The second mechanism is the scattering and interference of waves at the waveguidescatterer-defect channel. The influence of feeding network and the size of the small scatterer fall into this mechanism. In the proposed design, we feed the 3D PC structure from one port by using the guided wave inside the line defect. The small scatterer is introduced to en- hance the mode conversion between the guided mode and the localized defect mode. It functions as a mode coupler that maximizes the coupling between the feeding channel and the defect, and minimizes the transmitted power to the opposite port. By tuning the size of the scatterer, the coupling efficiency from the channel to the defect varies, so do the weights of the quadrupole modes. There is a tradeoff between the high efficiency and purity of the produced OAM wave.
Additionally, the geometric parameters are scaled to shift the operating frequency from the microwave to the optical regime. At optical frequencies, the two metallic plates are replaced by two aluminum plates and the dis- persion of aluminum is taken into consideration [34] (for details, see the Supplemental Material [31] ).
C. OAM generation from dipole defect states
We make use of other defect modes to generate OAM of different orders. Here, we study the case for the generation of OAM of order ±1 by superposing the dipole states. Importantly, there is a critical difference between the quadrupole and dipole modes: the dipole modes are doubly degenerate, while the quadrupole modes are splitted. The degenerate dipole modes cannot be exploited to induce a rotational mode carrying OAM, which is demonstrated and explained in the Supplemental Material [31] .
To create an analog to the quadrupole case, we break the C 4 rotational symmetry of the defect by introducing two sector cuts. Consequently, the degenerate dipole modes split into two dipole modes with different eigenfrequencies, as shown in Fig. 8(a) . Based on the variational principle [28] , concentration of field into the higher-permittivity material decreases the mode frequency, which is consistent with the numerical results. Similarly, by superposing the two modes with selected weights and phase values, an electric field with the spatial phase dependence of e ±iφ can be obtained. Figure 8 (b) shows one of the cases with l = −1.
To effectively excite the two dipole modes, the defect is rotated 45
• (for details, see the Supplemental Material [31] ). In Fig. 8(c) , we show the z component of the radiated electric field. An EM wave with an OAM of order 1 is generated. The conversion efficiency is calculated to be 24.9%.
It should be emphasized that the operating frequency of 9.7 GHz in Fig. 8(c) is higher than the two eigenfrequencies in the 2D PC, which are around 8.5 and 9.1 GHz [ Fig. 9(a) ]. In the 2D PC, when the operating frequency goes higher than 9.1 GHz, the dipole mode becomes weakened and distorted. When the circular opening is inserted, the two eigenfrequencies shift, which is similar to the quadrupole case. In the 3D PC, the two dipole modes are shifted to 9.5 and 9.9 GHz [ Fig. 9(b) ] with less confinement around the defect, which indicates the effective outcoupling of the two dipole modes at 9.7 GHz.
D. Discussion
To generate OAM of order -1 and -2, we mirror the whole structure, including the feeding ports about yz plane. Based on this transformation rule (x → −x, y → y), the phase of one vibrational mode is flipped and that of the other remains unchanged. As a result, the excited rotational mode will reverse its helicity. Specifically, for the quadrupole structure, by feeding from the receiving port (Port 2) in Fig. 5(a) , the radiated wave will carry OAM of order −2. Our theory is verified by full-wave simulations, as presented in the Supplemental Material [31] .
III. EXPERIMENTS
The generation of OAM by the proposed 3D PCs is verified by experiments. The implementation of the PCs in microwave regime adopts the approach in Refs. [35, 36] . The PCs are made of alumina rods with ǫ r = 8.5 (for details, see the Supplemental Material [31] ). They are assembled between two flat aluminum plates, the top one of which has a cutting hole. The whole structure is surrounded by absorbers to avoid unwanted scattering. The experimental setup is shown in Fig. 10 . A standard linearly polarized horn antenna operating from 6.57 to 9.99 GHz is connected to the transmitting port of a vector network analyzer (Agilent E5071C). The center of the horn antenna is aligned with the central line of the line defect in the assembled PC structure, in order to feed more power into the channel. A probe made from a 50Ω SMA connector is attached to the receiving port of the vector network analyzer. The probe is vertically polarized and fixed onto a near-field scanning platform to measure the vertically polarized field component (E z ) at a transverse plane. Additional absorbers are placed near the horn antenna on the top of the top alumina plate to prevent direct transmission from the horn antenna to the receiving probe [ (Fig. 10(b) ]. During the measurement, the time-domain gate technique is applied to prevent unwanted multiple reflections. By controlling the scanner, the field at the transverse plane is sampled every 10 mm. The distance between the probe and the top aluminum plate is 25 mm. The ratio of the received voltage to the transmitted voltage provides the magnitude and phase of the field at the probe position. The field over a 160 mm x 110 mm area is measured. During the measurement, we sweep the frequency of the vector network analyzer and the frequency corresponding to the optimal field pattern is chosen for the plots in Fig. 11 . The working frequencies for both the dipole and quadrupole cases are found to be slightly lower than the simulated ones. This divergence is reasonable, in view of fabrication errors, assembling errors, permittivity deviation, etc. Overall, the OAM states are verified by experiments and the results are in good agreement with the numerical simulations. 
IV. CONCLUSION
In conclusion, we show that by superposing two vibrational defect states, a rotational defect state carrying OAM can be produced. The proposed 3D PCs couple the guided wave in a line defect to the superposed localized state in a point defect. With a circular opening on the top, the localized defect mode leaks out. One small scatterer between the channel and the defect is employed to improve the coupling efficiency. The lowest four OAM states, i.e., ±1 and ±2, are generated and verified by both simulations and experiments. The working mechanism of the 3D PC structures provides a route for OAM generation. Higher-order OAM waves may be produced by continuously increasing the radius or permittivity of the defect so that higher-order localized modes will appear and be manipulated [37] .
